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ABSTRACT
We use semi-analytic models of galaxy formation combined with high resolution
N-body simulations to make predictions for galaxy-dark matter correlations and apply
them to galaxy-galaxy lensing. We analyze cross-correlation spectra between the dark
matter and different galaxy samples selected by luminosity, colour or star formation
rate. We compare the predictions to the recent detection by SDSS. We show that the
correlation amplitude and the mean tangential shear depend strongly on the luminosity
of the sample on scales below 1 h−1Mpc, reflecting the correlation between the galaxy
luminosity and the halo mass. The cross-correlation cannot however be used to infer
the halo profile directly because different halo masses dominate on different scales and
because not all galaxies are at the centres of the corresponding haloes. We compute the
redshift evolution of the cross-correlation amplitude and compare it to those of galaxies
and dark matter. We also compute the galaxy-dark matter correlation coefficient and
show it is close to unity on scales above r > 1 h−1Mpc for all considered galaxy types.
This would allow one to extract the bias and the dark matter power spectrum on large
scales from the galaxy and galaxy-dark matter correlations.
Key words: cosmology: observations – gravitational lensing, galaxies: haloes – fun-
damental parameters
1 INTRODUCTION
One of the main goals of modern cosmology is to understand
the processes of structure and galaxy formation in the uni-
verse. It is widely believed that large scale structure emerged
from small matter density fluctuations through the gravi-
tational instability process. Once the fluctuations became
large the process of gravitational collapse led to the forma-
tion of first dark matter haloes, which subsequently merged
to form larger and larger haloes. Gas initially followed the
dark matter until it reached sufficiently high densities that
it was able to cool efficiently and condense at the centres
of the haloes. Subsequent star formation from the cold gas
lead to the creation of galaxies. While the broad picture of
this scenario is widely accepted its details are still poorly
understood.
Observational constraints on the processes of structure
and galaxy formation can be divided into three categories.
⋆ uoguzik@cyf-kr.edu.pl
† useljak@princeton.edu
In the first are observations that depend only on the distri-
bution of the dark matter. Examples of these are velocity
flows (e.g. Strauss & Willick 1995), weak lensing (e.g. Mel-
lier 1999) or X-ray temperature function (e.g. Blanchard et
al. 2000). Another example at high redshift are cosmic mi-
crowave background anisotropies (e.g. Hu et al. 2000). These
direct probes of dark matter are our best hope to determine
the cosmological parameters and the clustering of dark mat-
ter. In the second category are observations that only trace
galaxies. Examples are galaxy luminosity function, colours,
morphologies, clustering etc. These observations also depend
on the underlying dark matter distribution to some extent,
but the relation is often a complicated one and difficult to
interpret in the absence of dynamical information. In the
third category are observations that relate the properties of
the galaxies to those of the dark matter. An example is the
Tully-Fisher relation (Tully & Fisher 1977), which relates
the luminosity of the spiral galaxies to their maximal ro-
tational velocity, which is related to the mass of the halo
in which the galaxies reside. Observations in this category
are specially important in relating the process of galaxy for-
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2mation to the process of structure formation. Galaxy-dark
matter correlations, which can be measured through the
weak lensing effects such as galaxy-galaxy lensing, galaxy
foreground-background correlations or galaxy-quasar corre-
lations, offer another example that fall into this category.
The goal of this paper is to analyze these in the context of
the galaxy formation models and make predictions for such
observations.
Physics of galaxy formation remains a complicated and
poorly understood subject and various approaches have been
developed to address it. Two most commonly used ap-
proaches are hydrodynamic simulations (Blanton et al. 1999;
Pearce et al. 1999) and N-body simulations coupled to the
semi-analytical models (SAMs; Benson et al. 1999; Kauff-
mann et al. 1999; Somerville et al. 1998). First approach
has the advantage of better modelling the physics, but is
currently limited by the resolution. Second approach is less
ab-initio and therefore may miss some important physics,
but currently has a larger dynamic range. In this paper we
focus on the dark matter and galaxy distribution which is
quantified in terms of the cross-correlation function and the
respective cross-power spectrum. Since we are particularly
interested in the galactic scales which are only poorly re-
solved with hydrodynamic simulations we will use SAMs
coupled to the N-body simulations. These are still limited
in resolution and so we compare the results with analytic
modelling (Seljak 2000), which under certain reasonable as-
sumptions allows one to extend the resolution limit of the
current N-body simulations.
Theoretical predictions on how galaxies trace mass, how
is galaxy luminosity related to the surrounding dark matter
and how can we extract these relations from the observa-
tions are essential if we are to take advantage of the large
amount of data available in the near future from surveys
such as Sloan Digital Sky Survey (SDSS) or 2dF. SDSS
has already obtained the first detection of the galaxy-galaxy
lensing with only a tiny fraction of the total data (Fischer
et al. 2000). This has been based on a rough separation be-
tween the foreground and the background galaxy sample.
In the future this will be done with a better precision by
using the photometric redshift information, which will sig-
nificantly increase the signal to noise. Photometric redshifts
will also allow one to combine the signal as a function of
the physical separation rather than the angular one. Larger
data set will allow one to split the galaxies as a function
of luminosity, colour or morphology. As we show in this pa-
per these give quantitatively different predictions for galaxy-
galaxy lensing, as well as for galaxy-quasar correlations and
foreground-background galaxy correlations. This would al-
low one to extract the information on the environment of
different types of galaxies.
The outline of the paper is as follows. In Section 2 we
present the formalism, simulations and computational meth-
ods. In Section 3 we present results in terms of the cross-
power spectra and respective cross-correlation functions for
different galaxy samples. We also show their evolution with
redshift. In Section 3.3 predictions for galaxy-galaxy lensing
are given and compared with some of the existing measure-
ments of the effect (Fischer et al. 2000). In Section 4 we
consider the cross-correlation coefficient dependence on scale
and galaxy type and in Section 5 we address the prospects
of interpreting the cross-correlations in terms of the dark
matter halo profiles. Conclusions and prospects for future
work are presented in Section 6.
2 FORMALISM AND SIMULATIONS
2.1 Cross-correlation analysis
We are interested in the distribution of the dark matter
around the galaxies of a selected type, averaged over all the
galaxies in the sample. We can quantify this as an excess of
the dark matter density above the average as a function of
the radial separation r. This is described by the galaxy-dark
matter cross-correlation function,
ξg,dm(r) = 〈δg(~x)δ
∗
dm(~x+ ~r)〉 . (1)
Here δg and δdm are the overdensities of galaxies and dark
matter, respectively, and we used the continuous description
of a random field (see Peebles 1980 and Bertschinger 1992
for a discussion of the relation between the continuous and
discrete realization and interpretation of ξ in terms of the
excess probability). We can define similarly the galaxy cor-
relation function ξg,g and dark matter correlation function
ξdm,dm by replacing one δg or δdm in the above equation.
A quantity we extensively use throughout the paper is
the power spectrum of the random process, which is defined
as a Fourier transform of the correlation function. In the
case of the cross-power spectrum we have
Pg,dm(k) =
1
(2π)3
∫
ξg,dm(r)e
−i~k·~rd3r, (2)
where the power spectrum depends only on the module of ~k
because of isotropy,
Pg,dm(k)δ(~k − ~k′) =
〈
δ˜g(~k)δ˜
∗
dm(~k′)
〉
, (3)
where δ˜(~k) is the Fourier transform of δ(~x). Often the dark
matter power spectrum is written in terms of the power con-
tributing to the variance of the density field per logarithmic
interval in Fourier space
σ2(k)g,dm = 4πk
3Pg,dm(k). (4)
2.2 Cosmological simulations and power spectrum
extraction
In our work we use GIF high resolution N-body simula-
tions carried out by the Virgo collaboration (Jenkins et al.
1998). Our analysis is constrained to the currently popular
ΛCDM cosmological model with matter density Ωm = 0.3,
cosmological constant ΩΛ = 0.7 and the Hubble parameter
H0 = 70 km s
−1Mpc−1. The N-body simulations have 2563
particles, each of mass 1.4 · 1010h−1M⊙ in a comoving box
of size L = 141h−1Mpc. Variance of mass fluctuations on
a scale of 8h−1Mpc was σ8 = 0.9, in agreement with the
observed abundance of clusters (Eke, Cole & Frank 1996).
N-body simulations are accurate on scales above the grav-
itational softening scale rs = 30 h
−1kpc and dark matter
clumps with more than 10 particles were identified as haloes.
For the most of the present work we apply the absolute mag-
nitude cut to the galaxy selection which eliminates the very
small haloes from the sample.
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For the distribution of galaxies and their physical prop-
erties we use mock catalogues from the semi-analytic model
of galaxy formation (Kauffmann et al. 1999a,b). These con-
tain information on positions of galaxies, their absolute and
apparent magnitude in several bands, star formation rate
and mass contained in stars or gas. They also include the
information on the halo in which they are placed, includ-
ing its mass and virial radius. Empirically motivated dust
correction has been applied to model the extinction for the
z = 0 sample. As shown in Kauffmann et al. 1999a,b (see
also Benson et al. 1999, 2000, Somerville et al. 1998 and van
den Bosch 1999) these models have been successful in repro-
ducing a number of the observational constraints, including
galaxy luminosity function, Tully-Fisher relation, pairwise
velocity dispersion and galaxy correlation function.
Despite this success of the SAMs it is clear that pa-
rameterizing the complex process of galaxy formation with
a few parameters is an oversimplification. It is likely that as
the new data become available new parameters will need to
be introduced to account for this complexity. Moreover, at
present the number of predictions is small and one would like
to have more independent predictions that can be verified
with the new observations. Galaxy-dark matter correlations
as measured through the galaxy-galaxy lensing and magni-
fication bias provide an example of this kind. These have
not been explored so far with SAMs or hydrodynamic sim-
ulations and could provide important constraints for such
models.
N-body simulations together with the galaxy catalogues
allow us to extract the galaxy-dark matter cross-spectra. To
increase the dynamic range of the power spectrum we use
the technique proposed by Jenkins et al. 1998. Instead of
taking the Fourier transform of the particle distribution in a
whole simulation box we divide it intom3 cubic boxes where
m = 2n, n = 0, 1, . . . , 6. We interpolate all the particles onto
the small box and perform a 1283 Fourier transform. We
verified that increasing the grid does not affect the resulting
power spectra. This method recovers exactly all the modes
periodic on scale L/m. Assuming these modes are statisti-
cally representative of all the modes it allows one to exploit
the entire dynamic range of the simulation. To perform the
FFT on a grid in the real space we use the Nearest-Grid-
Point (NGP) mass assignment scheme (Hockney & East-
wood 1981), which involves the least amount of smoothing.
Mass assignment however still suppresses the power and we
divide each Fourier mode by a window function suitable for
the NGP mass assignment (Hockney & Eastwood 1981). The
averaging for a given amplitude of k is taken over spherical
shells in the Fourier space. For each n the longest modes are
sparsely sampled and it is better to use the larger box (with
n − 1) to extract those. For these reasons we only use dy-
namic range of 2 from one box to the next. All of the spectra
are corrected for the shot noise term which is due to the dis-
crete nature of galaxies and dark matter particles. This term
is negligible for the cross-power spectrum and dark matter
spectrum because of the large number of dark matter parti-
cles, except for the galaxy samples with very few galaxies in
the case of cross-spectrum. However, for galaxy power spec-
tra shot noise dominates on small scales with the amplitude
inversely proportional to the number of galaxies in the sam-
ple. For rare galaxy samples such as the very bright galaxies
shot noise dominates already on scales of order 1 h−1Mpc.
This limits the accuracy of the cross-correlation coefficient
extraction in such samples.
2.3 Shear and magnification derivation
Gravitational lensing of distant objects by intervening mass
distribution between the source and the observer distorts
the size and shape of sources as seen in the image plane. In
the regime of small image distortions (weak lensing regime)
observationally relevant quantities are described by the con-
vergence κ and the two-component shear ~γ = (γ1, γ2), which
are related to the projected gravitational potential of the
lens ψ(θ) via the following relations 2κ(θ) = ∂1∂1ψ(θ) +
∂2∂2ψ(θ), 2γ1(θ) = ∂1∂1ψ(θ)− ∂2∂2ψ(θ), γ2(θ) = ∂1∂2ψ(θ),
where θ is a two-dimensional position in the lens plane. The
convergence κ and may be regarded as a projected mass den-
sity along the line of sight (ignoring photon displacement
effects, see Jain, Seljak and White 1999 for justification of
this assumption),
κ =
3
2
(
H0
c
)2
Ωm
∫ χs
0
g(χ′, χs)
δ
a
dχ′. (5)
where g(χ′, χ) = r(χ′)r(χ − χ′)/r(χ) is the radial window
function, χ is the radial distance with χs is the distance
to the source galaxy, r(χ) is the angular comoving distance
(equal to χ in a flat universe discussed here), H0 is the Hub-
ble constant, Ωm the matter density and a = (1 + z)
−1 the
expansion factor. If most of the cross-correlation signal is
associated with the galaxy then we can define the comov-
ing surface matter density Σ =
∫
ρdχ, in terms of which
κ = Σ/Σcrit. Here Σ
−1
crit(χl, χs) = 4πGr(χl)r(χs−χl)/ar(χs)
is critical surface density, where χl is the comoving radial
distances to the lens.
The quantity we are most interested in is tangential
shear γt(θ) which describes elongation of images perpendic-
ularly to the line connecting the image and the lens. It may
be expressed as the 2-d shear rotated to the frame defined by
the image and the lens, γt(θ) = γ1(θ) cos 2β + γ2(θ) sin 2β,
where β is the relative position angle between the image and
the lens. In the weak lensing regime shear is directly measur-
able from the image ellipticities. The relation between the
mean convergence κ(θ) inside a given circular aperture of
radius θ and the mean tangential shear along the aperture
boundary 〈γt(θ)〉 is given by (Kaiser 1993, Squires & Kaiser
1996, Miralda-Escude´ 1996)
〈γt(θ)〉 = −
1
2
d κ(θ)
d ln θ
. (6)
Averaged projected matter density can be expressed in
terms of the galaxy-dark matter cross-correlation function.
Here we present both the case where the redshifts of lens
galaxy and background distorted galaxy are known, as well
as the case when only their distributions are. From the defi-
nition of the correlation function we have that mean number
density n(r) of dark matter particles at a distance r from
a chosen galaxy is proportional to the product of the mean
number density n¯ if they were randomly distributed in space
and respective cross-correlation function. This relation may
be written as
n(r) = n¯[1 + ξg,dm(r)]. (7)
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4Thus at an angular separation θ from a galaxy of a given
type the projected matter density is on average given by
Σ(θ) =
∫
ρ¯ (1 + ξg,dm(r)) dχ, (8)
where the integration is taken along the line of sight with χ
the radial distance and ρ¯ the average matter density. Keep-
ing θ constant requires r2 = χ2l + χ
2 − 2χlχ cos θ. We can
then use κ = Σ/Σcrit to determine κ and γt. This relation
does not include the change in the focusing strength along
the line of sight. A more general expression is
κ =
∫ χs
0
ρ¯
Σcrit(χ, χs)
(1 + ξg,dm(r)) dχ. (9)
Except for the largest angles the dominant contribution is
coming from the scales closest to the lens galaxy, in which
case the approximation in equation 8 is a valid one. This
simplifies the analysis, since for each pair of foreground and
background galaxies we only need to compute the corre-
sponding Σcrit.
When the source and lens redshifts are known (or at
least can be estimated with the photometric redshift tech-
niques) the optimal way to combine the data requires to
calculate for each pair of lens and source galaxies the cor-
responding critical density Σcrit(χl, χs) and to average over
the product Σcritγt. This can then be related directly to the
integral of the correlation function in equation 8.
Often the redshifts of the sources and lenses are un-
known and the signal has to be averaged over the redshift
distribution of both the source and the lens galaxies. This
is necessary for example when the data sample is split into
the bright and faint sample (Brainerd et al. 1996, Griffiths
et al. 1996, Fischer et al. 2000). The relation in this case is
(Moessner & Jain 1998)
κ(θ) = 6π2
(
H0
c
)2
Ωm
∫ χ0
0
dχW1(χ)
f(χ)
a(χ)
×
∫
dkk Pg,dm (k, χ) J0[kr(χ)θ], (10)
where W1(χ) is the normalized radial distribution of
foreground galaxies of a given type and f(χ) =∫ χ0
χ
g(χ,χ′)W2(χ
′)dχ′ is the average of g(χ,χ′) over the ra-
dial distribution of background galaxies W2(χ
′).
Having κ(θ) associated with foreground galaxies of a
given type we perform an average in a circular aperture
κ(θ) = 6π2
(
H0
c
)2
Ωm
∫ χ0
0
dχW1(χ)
f(χ)
a(χ)
×
∫
dkk Pg,dm (k, χ)
2J1[kr(χ)θ]
kr(χ)θ
, (11)
thus we receive the mean tangential shear as a function of
lens-image separation
〈γt(θ)〉 = 6π
2
(
H0
c
)2
Ωm
∫ χ0
0
dχW1(χ)
f(χ)
a(χ)
×
∫
dkk Pg,dm (k, χ) J2[kr(χ)θ]. (12)
3 GALAXY-DARK MATTER CORRELATIONS
3.1 Correlations at z=0
In this section we investigate the cross-power spectra and the
cross-correlation functions for several galaxy samples. We
choose galaxies of different absolute luminosity in B-band
from MB = −18 at the completeness limit of the sample to
the very rare bright galaxies with MB < −21. We also select
red galaxies with MB − MV > 0.8 and blue galaxies with
MB −MV < 0.8 in addition to the absolute magnitude cut.
Examples of several power spectra for redshift z = 0 are
shown in Fig. 1. In Fig. 1a we show the power spectra for
galaxies brighter than MB < −18, for which the sample is
complete in the sense that most galaxies brighter than this
limit form in haloes more massive than 1.4 · 1011h−1M⊙,
which is the smallest mass halo that can form in our simu-
lations. The galaxy power spectrum is a power law up to a
large k, while the dark matter power spectrum is continu-
ously changing slope and becoming less steep. The galaxies
are unbiased on large scales where the two spectra agree.
The cross-spectrum has a similar amplitude to the galaxy
and dark matter spectrum on large scales, as expected if the
galaxies are an unbiased tracer of the dark matter. Cross-
spectrum grows above both galaxy and dark matter spec-
trum on smaller scales. This can be understood with a model
where for a given halo mass range there are more individ-
ual galaxies (which contribute to the cross-spectrum) than
galaxy pairs (which contribute to the galaxy spectrum, see
Seljak 2000). In addition, in a smaller halo with typically
just one galaxy in it the galaxy is at the halo centre with
dark matter particles distributed as the halo profile. In con-
trast, for the dark matter particles the number of pairs at a
given separation is suppressed because not all dark matter
particles are at the centre. This suppresses the auto power
spectrum of the dark matter relative to the cross-spectrum.
In Fig. 1a the transition between the large and small
scales in the cross-spectrum is continuous for the sam-
ple selected only by absolute magnitude. Figure 1b shows
the same for the star-forming galaxies. These are mostly
in the field and show a more prominent transition in the
cross-spectrum between the correlations between haloes for
k < 3 hMpc−1 and the profile of the haloes themselves at
k > 3 hMpc−1. For galaxies selected only by magnitude
groups and clusters also contribute to correlations, which
fills in the transition region between the two (see also fig.
6 in Seljak 2000), while for star forming galaxies which are
predominantly in the field groups and clusters do not con-
tribute.
In Fig. 1c,d red and blue samples of the galaxies are
shown. Red galaxies are quite biased on large scales, indi-
cating that they form predominantly in haloes more massive
than the nonlinear mass scale (i.e. groups and clusters). On
smaller scales the cross-correlation drops off more rapidly
than the corresponding spectra in Fig. 1a and b. This is be-
cause red galaxies in this model typically do not reside at
the halo centres and thus the power spectrum suffers simi-
lar suppression as the dark matter. In contrast, blue galaxies
in Fig. 1d are unbiased on large scales. The galaxy power
spectrum is flat on small scales indicating there are very
few haloes with more than one blue galaxy. Cross-spectrum
shows similar features on large scales, but begins to rise on
small scales where the galaxies that are at the halo centres
become dominant and the cross-spectrum reflects their own
c© 0000 RAS, MNRAS 000, 000–000
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dark matter halo profiles. Overall, the blue galaxies show
similar features to the star forming galaxies, although the
latter show more prominent transition between intra and
inter halo correlations.
Fig. 2 shows the cross-spectra and the cross-correlation
functions for galaxies in narrow magnitude bands in addi-
tion to the galaxies in Fig. 1. On large scales the spectra
of narrow-band magnitude galaxies agree, indicating that
the galaxies on average reside in unbiased haloes around
or somewhat below the nonlinear mass. Significant fraction
of them reside in groups and clusters, which explains the
smooth transition between the large and the small scales. On
small scales however there are significant differences in the
amplitude of correlations, which increases with the bright-
ness of the sample. This is similar to the Tully-Fisher re-
lation, where the luminosity of spiral galaxies is correlated
with the maximal circular velocity of the disc, which is cor-
related with the circular velocity of the halo in the SAMs
used here. The differences between the models are significant
already at 100 h−1kpc, where the complications because of
the baryonic effects on the dark matter distribution are neg-
ligible. This shows the potential of galaxy-galaxy lensing,
which can provide independent information on the relation
between the galaxy luminosity and its dark matter environ-
ment and can probe regions where baryon effects are neg-
ligible. Because of the weakness of the signal this can only
be done statistically for a large sample of the galaxies and
one must understand the complications caused by effects
such as the contribution from groups and clusters, number
of galaxies inside the halo as a function of halo mass, cen-
tral versus satellite galaxies inside the halo etc. These are
discussed further below.
3.2 Redshift evolution of cross-correlation
From the high z catalogs of the galaxy and dark matter po-
sitions we extract the evolution of the galaxy-dark matter
correlation function for galaxies brighter than MB < −19.5
and brighter than MB < −21. No dust correction has been
applied to these data so we focus only on the amplitude of
the correlation function at different scales as a function of
redshift. Figure 3 shows the redshift evolution of the ampli-
tude of the correlation function at 2 h−1Mpc, 3 h−1Mpc and
8 h−1Mpc for all three spectra. The amplitude of the dark
matter correlation function decreases with redshift because
of gravitational instability, which causes density perturba-
tions to grow in time. On the other hand, the amplitude of
the galaxy correlation function first decreases for the same
reason, but then increases again because at higher redshifts
bright galaxies are only found in the rare massive haloes,
which are biased with respect to the dark matter (Kauff-
mann et al. 1999b). For brighter galaxies (right panels) the
biasing at higher redshift is more important and leads to a
larger amplitude than for fainter galaxies. Amplitude of the
cross-correlation function falls in-between the amplitudes
of dark matter and galaxy correlation function. From the
model with correlation coefficient of unity discussed below
one predicts it to be the geometric mean, which is a good
description even for the galaxies that are highly biased, since
we are looking at scales above 1 h−1Mpc, where correlation
coefficient is close to unity (see next section). The cross-
correlation amplitude typically does not increase at higher
z, but becomes flat.
3.3 Galaxy-galaxy lensing predictions
In this subsection we present predictions of galaxy-galaxy
lensing effect for samples of galaxies discussed in previous
section. For simplicity we model source and lens galaxies as
being at fixed redshifts zl = 0.16 and zs = 0.32, so that the
critical surface density corresponds to that of SDSS sample
(Fischer et al. 2000). We use z = 0 dust corrected sample
to extract the galaxy-galaxy lensing signal, but we verified
that for a shallow surveys such as the SDSS this assumption
does not significantly affect the results. Results presented in
Fig. 4 give the mean tangential shear as a function of the
observed angular separation from the lens. For the consid-
ered cosmological model 10 arcsec corresponds to a physical
distance in the lens plane of 22.4 h−1kpc. At the redshift
z = 0.16 galaxy of absolute luminosity MB = −20 corre-
sponds to an apparent magnitude mB = 19.4.
Plots in the upper panel of Fig. 4 are for the same lu-
minosity intervals as in Fig. 2. For the bright galaxies tan-
gential shear is larger than for the faint ones as predicted
from the results in Fig. 2. Note also that the slope increases
with luminosity. Fitting the spectra to a power law gives the
slopes varying from −0.26 at the faint end to −0.54 at the
bright end, but in general single power law provides a poor
fit to the spectra (the slope steepens at larger angles). The
slope is considerably shallower than the singular isothermal
sphere (SIS) distribution with the slope −1, predicting that
with better data one should be able to see the deviations
from SIS. To compare it to the Tully-Fisher relation one
can compare the predictions for γt at a given angle, which
we choose to be θ = 100 arcsec to maximize the signal to
noise in SDSS. This corresponds to 220 h−1kpc transverse
distance from the galaxy. Assuming γt ∝ v
2
c where vc is
the circular velocity and fitting this to the relation L ∝ vαc
one finds α = 3.5, which is in a good agreement with the
Tully-Fisher relation. This agreement is however partially
fortuitous, because the slope of γt is not well fit with the
SIS model and so the L− vc relation must change with the
angle at which the comparison is made.
In the lower part of Fig. 4 we show the results for
MB < −18, MB < −19, star forming galaxies, red and blue
galaxies. Since the luminosity function peaks at MB = −19
galaxies brighter than MB < −18 to MB < −19 should be
compared to the SDSS apparent magnitude selected sample.
It is encouraging that the predictions are in a good agree-
ment with the observed signal. We should caution that this
is not meant to be a quantitative analysis of SDSS results,
because we do not simulate SDSS colour bands, selection
criteria and galaxy redshift distribution, all of which de-
pend also on the luminosity function of the sample and not
just on the relation between galaxy luminosity and its dark
matter halo environment. With photometric redshift infor-
mation the dependence on the luminosity function can be
eliminated and observations will provide a more direct con-
straint on the dynamical environment of the galaxies.
In Fig. 5 we show mean tangential shear dependence
on the angular scale for red, blue and star forming galax-
ies, all with the luminosity cut MB < −18. Also shear for
all galaxies brighter than MB = −18 is shown. Squares in
c© 0000 RAS, MNRAS 000, 000–000
6this figure are observational points from SDSS (Fischer et al.
2000). Here we include the evolution of the cross-correlation
function with redshift. Realistic lens and source distribu-
tions provided by the SDSS team are used in equation (12).
They were derived as approximation of the respective SDSS
distributions by the power-law with exponential cut-off of
the form
Wi(z) =
βiz
2
(zi)3Γ (3/βi)
e
−
(
z
zi
)βi
(13)
with z1 = 0.17, β1 = 2.3 and z2 = 0.35, β2 = 1.7 for lens
and source samples respectively.
Our galaxy samples are roughly complete for galaxies
brighter than MB = −18 so we miss some lensing signal from
the nearby galaxies (z < 0.02) when we use SDSS window
functions W1(χ) and W2(χ). But uncertainties related to
measured source redshift distribution are likely to be more
important in this comparison.
Qualitatively the predictions follow the observations,
but we notice that predicted lensing signal is above that de-
tected by SDSS specially on large scales. One of the reasons
for this behaviour is the discrepancy between the luminos-
ity function from simulations we base on (Kauffmann et al.
1999a) and that obtained from observations (Lin et al. 1997).
Modelled luminosity function in the ΛCDM model lacks less
luminous galaxies, fainter than MB = −21, and has an ex-
cess of very luminous galaxies, brighter than MB = −23,
when compared to the present day observations. Since as
shown in Fig. 2 there is a strong luminosity bias expected for
the cross-correlation amplitude this enhances the theoretical
prediction for the shear amplitude. The other uncertainty is
already mentioned poorly known redshift distribution func-
tion. Both of these currently limit the interpretation of re-
sults, but will be eliminated once the photometric redshift
techniques become realiable. This is specially promising in
the case of SDSS where 5 colour photometry should enable
one a very accurate redshift determination.
4 CROSS-CORRELATION COEFFICIENT
If the bias between the galaxies and the dark matter is
not constant, as indicated from the results in Fig. 1, then
one cannot use its determination at a given scale and ap-
ply it at another scale. This complicates the extraction of
the dark matter power spectrum from the galaxy power
spectrum and additional information is necessary to break
the degeneracy. One can parameterize the ignorance with a
scale dependent bias (van Waerbeke 1998, Dolag & Bartel-
mann 1998), where the relation between the galaxy, cross
and matter power spectra is Pg,dm(k) = b(k)Pdm,dm(k) and
Pg,g(k) = b
2(k)Pdm,dm(k). In this case from a measurement
of galaxy and cross-spectrum one can determine both b(k)
and Pdm,dm(k). Even this relation is however not general,
since the bias factor that relates one pair of spectra may
not be the same as that for another pair. One can generalize
this by introducing the cross-correlation coefficient between
the galaxy and the dark matter power spectrum
r2(k) =
P 2g,dm(k)
Pg,g(k)Pdm,dm(k)
. (14)
This definition implies that in the case of a scale dependent
but linear bias discussed above the cross-correlation coeffi-
cient |r(k)| = 1.
In Fig. 8 we present the correlation coefficient as a func-
tion of scale for a set of galaxy samples selected by luminos-
ity, colour or star formation rate criteria. In the right panels
we show the correlation coefficient without the subtraction
of the shot noise term arising form the discreteness of galax-
ies. In this case the correlation coefficient is constrained to
|r(k)| ≤ 1. More commonly however the shot noise is sub-
tracted from the galaxy spectrum, which is shown in the
left panels of Fig. 8. In this case for all of the considered
galaxy samples the correlation coefficient remains close to
unity up to k ∼ 1 hMpc−1. This is encouraging because
when r(k) = 1 one can extract the bias parameter b(k)
and the dark matter power spectrum Pdm,dm(k) directly by
measuring the galaxy power spectrum and the cross-power
spectrum from the galaxy-galaxy lensing. This means that
at least on large scales there is hope that bias could be de-
termined with this method.
The correlation coefficient remains closer to unity on
small scales when the shot noise is subtracted as opposed to
when it is not. This is related to the fact that for a given
halo mass the pair weighted number of galaxies inside the
halo 〈N(N−1)〉1/2 agrees with the linearly weighted number
〈N〉 for large halo masses (Seljak 2000) and that for large
haloes there are many galaxies inside the halo so the central
galaxy, if present, does not have a dominant contribution.
Since the power spectrum on large (but still nonlinear) scales
is dominated by large haloes this gives r(k) ∼ 1. For small
haloes typically 〈N〉 > 〈N(N − 1)〉1/2 because there are
many haloes with just one galaxy in it, which gives rise to
r(k) > 1 when shot noise is subtracted from the galaxy spec-
trum. In addition, for haloes with just one galaxy this galaxy
is usually at the centre of the halo, which enhances the cross-
correlation relative to the case where the galaxies are dis-
tributed like dark matter inside the halo (the distinction
between the central galaxy and all galaxy cross-correlation
is discussed further in the next section). Both of these ef-
fects become prominent when 〈N〉 < 1 and so are more im-
portant for galaxies that are rarer and/or on smaller scales
where small haloes dominate. This agrees with the results in
Fig. 8, where for the brightest and rarest sample of galaxies,
MB < −21, the correlation coefficient increases monotoni-
cally already from k ∼ 0.5 hMpc−1, whereas for the faintest
and most abundant sample MB < −18 the cross-correlation
coefficient is unity up to k ∼ 3 hMpc−1.
It is interesting to note that for the sample of red galax-
ies (MB − MV > 0.8 and MB < −18), which exhibit a
strong scale dependent bias as seen from Fig. 1, r(k) is unity
over several orders of magnitude in k. In small haloes where
〈N〉 ≪ 1 one has 〈N〉 ∼ 〈N(N − 1)〉1/2 (Seljak 2000). These
galaxies therefore cannot be the central galaxies inside the
haloes which would give 〈N〉 > 〈N(N−1)〉1/2. For the same
reason the cross-spectrum is also not enhanced relative to
the dark matter, both of which explains why r(k) ∼ 1 over
the entire range of scales. While this is suggestive we should
be cautious not to overinterpret these results since SAMs
may not be accurate in such detailed properties. It will be
interesting to examine whether this prediction can be con-
firmed from the observations directly.
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For galaxies with star formation rate (SFR) above
3M⊙/yr the cross-correlation coefficient r(k) has a strong
decrease on scales of order 2− 4 hMpc−1. This is caused by
a decrease in Pg,dm(k) (and Pg,g(k)) relative to Pdm,dm(k).
The reason for this decrease is the transition from the cor-
relations between the haloes to correlations inside the halo,
which is prominent for star forming galaxies which are pre-
dominantly in the field, but is washed out by the group and
cluster contribution in the dark matter power spectrum.
5 DARK MATTER HALO PROFILES
In previous sections we have presented the predictions for
the galaxy-dark matter cross-correlations for various galaxy
selections. We have shown that the predictions strongly de-
pend on the galaxy luminosity, colour and star forming
rate. For example, we observe a strong luminosity depen-
dence with more luminous galaxies showing a stronger cross-
correlation on small scales because such galaxies reside in
more massive haloes. These haloes are still below the nonlin-
ear mass scale and no luminosity bias caused by halo bias is
observed on large scales, nor is any luminosity bias observed
for galaxy auto-correlation. This shows that galaxy-galaxy
lensing can be a sensitive probe of halo masses for differ-
ent galaxy types. Such interpretation was the basis for most
of the galaxy-galaxy lensing analysis so far (Brainerd et al.
1996, Griffiths et al. 1996 , Hudson et al. 1998). Still, the re-
lation between the cross-correlation spectrum and the halo
mass profile may be a complicated one and in this section
we explore this in more detail.
In the hierarchical clustering picture galaxies form in
the dark matter haloes which subsequently merge into larger
structures. Galaxies which are not members of a cluster or a
group at the time of observation should have more extended
haloes than those of same luminosity already swollen by a
cluster because tidal forces in a potential well of a clus-
ter tend to strip the galaxies of their haloes. Present ob-
servations of the weak gravitational lensing within the clus-
ters seem to support this picture (Natarajan et al. 1999).
However, such galaxies are nevertheless embedded in larger
haloes and galaxy-galaxy lensing will be sensitive also to
the gravitational lensing effect of these more massive and
more extended structures. This effect is specially important
on scales above 100 h−1kpc where the haloes of individual
galaxies have only a weak signal which can easily be domi-
nated by a sub-population of galaxies in groups and clusters
(Seljak 2000). This effect is also important on smaller scales,
because there is a range of halo masses that contribute to
galaxies selected by their (absolute or apparent) luminos-
ity and haloes of different mass can dominate on different
scales. This makes the interpretation of the cross-correlation
in term of the halo profile more complicated than simply an
averaged dark matter profile of a typical galaxy.
Plots in Fig. 6 show the cross-power spectra for several
galaxy types selected by their intrinsic luminosity as a func-
tion of halo mass. Smaller haloes give lower amplitude of the
cross-power spectrum as expected. Note that for most galaxy
types the total cross-spectrum shown with a dotted line does
not agree with any individual mass range. The logarithmic
slope α(k) = d lnσ2(k)/d ln k of the total cross-spectrum is
shallower that the slope of individual mass intervals (Fig.
7). On larger scales the cross-spectrum is dominated by the
high mass range of the haloes, while on smaller scales smaller
haloes become dominant and since these give lower ampli-
tude of the cross-spectrum the overall slope is shallower. The
only exception are the very bright galaxies with MB < −21
which seem to reside predominantly in haloes more mas-
sive than 1013h−1M⊙ < M < 10
14h−1M⊙ and their cross-
correlation function agrees well with the cross-correlation
for this mass interval.
Second complication which is important for large haloes
such as groups and clusters is that when there are many
galaxies inside the halo most of them are not at the halo
centre. When a galaxy is at the outskirts of a halo the lens-
ing effect will on average be reduced. If the galaxies are
distributed like the dark matter then one can account for
this effect. However, galaxies may not be distributed in the
same way as the dark matter inside the haloes (Diaferio et al.
1999) and this becomes difficult to model analytically. This
effect is shown by comparing the first plot of Fig. 6, where
the cross-spectra of central galaxies are shown as a function
of halo mass intervals, to the other plots in that figure, where
all the galaxies inside the halo are selected. For the two most
massive intervals there is a significant difference between the
central galaxy and all galaxies cross-spectra. The all galaxy
spectra are substantially lower in amplitude as expected if
most galaxies are not central. For lower mass intervals the
difference between the two is smaller, since such haloes con-
tain on average at most one bright galaxy, which is usually
the central one.
It is instructive to investigate the slope of the cross-
spectrum. For central galaxies this gives the slope of the dark
matter profile as a function of scale. On small scales the slope
approaches α ∼ −1.5 for the largest haloes with mass range
1014h−1M⊙ < M < 10
15h−1M⊙ for which the force resolu-
tion in units of virial radius is the highest. It is possible that
the slope would become even shallower if higher resolution
simulation are used, although some of such higher resolution
simulations suggest the slope remains close to α ∼ −1.5
down to very small scales (Moore et al. 1999). This slope
steepens to α ∼ −2.5 at the virial radius, beyond which the
contribution from the other haloes becomes important and
makes the slope less steep again. The behaviour for smaller
halo mass intervals is similar, but shifted to smaller scales.
At the resolution limit (k ∼ 20 hMpc−1) the slope decreases
with the decreasing halo mass, caused by the finite force
resolution. For the lowest mass interval the transition be-
tween the halo profile and other halo correlations is quite
prominent, but this is at least in part caused by the finite
mass resolution because there are no very small haloes very
close to the virial radius of such haloes. For all the galaxies,
except the very brightest ones, the cross-spectrum slope is
always shallower than for the central galaxies when viewed
as a function of the halo mass.
6 CONCLUSIONS
We have investigated the galaxy-dark matter cross-
correlation function and power spectrum using the semi-
analytic galaxy formation models coupled with a high res-
olution N-body simulation. These cross-correlation spectra
are the necessary ingredients to interpret the observed cor-
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8relations based on weak lensing and galaxy positions. Exam-
ples are galaxy-galaxy lensing, QSO-galaxy correlations and
foreground-background galaxy correlations. The advantage
of the approach used here is that it includes many compli-
cating effects such as the variety of the dark matter environ-
ments around the galaxies, the distribution of galaxies inside
the dark matter haloes, correlations between the galaxies
and the dark matter in the neighbouring haloes. The limita-
tion of this approach is the mass and force resolution, which
limits our study to haloes more massive than 1011h−1M⊙
(limiting the completeness of galaxy sample to MB < −18)
and scales larger than 50 h−1kpc . This can be overcome to
some extent by using the analytic model, which can extend
these results to smaller scales (Seljak 2000).
The cross-correlation spectra on large scales fall be-
tween the dark matter and galaxy auto-correlation spectra.
As a function of redshift the correlation strength of bright
galaxies first decreases to z ∼ 1 and then remains approx-
imately flat because such galaxies become rare and bias-
ing increases above unity, even if the dark matter correla-
tion strength continues to decrease. In terms of the cross-
correlation coefficient we find it is close to unity on large
scales. This is good news for attempts to determine the scale
dependent bias and the dark matter power spectrum directly
from the galaxy correlations and the galaxy-galaxy lensing.
It breaks down on small scales where effects such as the aver-
age number of galaxies inside the halo dropping below unity
and presence of central galaxies cause the cross-correlation
spectrum to exceed the auto-correlation spectra. This hap-
pens on larger scales for rarer galaxies, which are therefore
less suitable for the determination of the dark matter power
spectrum.
While on large scales the cross-correlations reflect clus-
tering of large scale structure, on small scales they reflect
more the dark matter environments around galaxies. These
have been often interpreted as the dark matter profiles of
haloes, but such interpretation is complicated by the effects
of multiple galaxies inside clusters and by having different
halo mases dominate on different scales. For example, the
observed signal at 1 h−1Mpc by SDSS (Fischer et al. 2000)
does not mean that the haloes of galaxies such as our own
can be observed at such large distances, but rather that
groups and clusters extend to these distances or that haloes
are correlated with neighbouring haloes. Still, the predicted
signal on small scales does increase with the galaxy luminos-
ity, as predicted by the Tully-Fisher relation if the dark mat-
ter makes a significant contribution to the maximal rotation
velocity. This shows that the cross-correlations can become a
complementary tool to study the dark matter environments
of the galaxies. This can be potentially a powerful probe of
the dark matter around the galaxies, because it is sensitive
to larger distances from the centre which are less affected
by the baryonic component. The upcoming surveys such as
SDSS and 2dF should be able to extract this information
with a high statistical precision, making galaxy-galaxy lens-
ing an important observational tool in connecting galaxies
to their dark matter environment.
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Figure 1. Power spectra of the dark matter (long dashed), galaxies (short dashed) and galaxy dark-matter cross-power spectra (solid)
for selected samples of galaxies. All power spectra are at z = 0. In panel (a) galaxy selection is MB < −18.0, in panel (b) star formation
rate > 3M⊙/yr, in panel (c) red colour withMB−MV > 0.8 and in panel (d) blue withMB−MV < 0.8, both in addition to MB < −18.
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Figure 2. Galaxy-dark matter cross-power spectra and respective cross-correlation functions for luminosity bands (left panel) and
colour and star formation rate (right panel). In the lower panels the cross-correlation functions are presented for the same samples as in
the upper panel.
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Figure 3. Evolution of the cross-correlation function for two galaxy samples, MB < −19 (left panel) and MB < −21 (right panel),
at separation 2 h−1Mpc, 3 h−1Mpc and 8 h−1Mpc. Solid line shows galaxy-dark matter cross-correlation amplitude, dotted galaxy
auto-correlation and dashed the dark matter auto-correlation.
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Figure 4. Tangential shear as a function of angular distance from the lens galaxy for the same models as in figure 2. Background
galaxies are assumed to be placed at a fixed redshift zs = 0.32 and foreground galaxies at a redshift zl = 0.16 that mimics the mean
redshift of lenses and sources for SDSS galaxy-galaxy lensing detection.
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Figure 5. Tangential shear as a function of angular distance. Background and foreground galaxies are assumed to be distributed as in
the SDSS galaxy-galaxy lensing observations. SDSS detection in the r′−band is presented as squares in the upper panel.
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Figure 6. Halo-dark matter cross-power spectra (upper left) for mass intervals 1014h−1M⊙ < M < 10
15h−1M⊙, 10
13h−1M⊙ <
M < 1014h−1M⊙, 10
12h−1M⊙ < M < 10
13h−1M⊙ and 10
11h−1M⊙ < M < 10
12h−1M⊙, from top to bottom. Other plots show the
galaxy-dark matter cross-power spectra for different galaxy samples as a function of halo mass (similarly to upper left panel) and for all
galaxies within that sample (solid). In the bottom four plots the interval with 1011h−1M⊙ < M < 10
12h−1M⊙ interval is not shown
because there are few or no galaxies within the sample in such low mass objects.
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Figure 7. The slope of the cross-power spectra shown in Fig. 6. The line types are the same as in Fig. 6.
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Figure 8. Correlation coefficient r(k) as a function of wavevector k and galaxy sample. In panels (a) and (b) r(k) is derived from the
shot noise corrected spectra, while in panels (c) and (d) without the shot noise correction. Galaxy samples are the same as in the Fig. 2.
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